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1. INTRODUCTION 
In [13], Sharp and Taherizadeh introduced concepts of reduction and 
integral closure of an ideal Z of a commutative ring R (with identity) 
relative to an Artinian R-module A, and they showed that these concepts 
have properties which reflect some of those of the classical concepts of 
reduction and integral closure introduced by Northcott and Rees in [B]. 
We say that the ideal Z of R is a reduction of the ideal J of R relative to 
A if Zc J and there exists SE fV (we use N (respectively N,) to denote the 
set of positive (respectively non-negative) integers) such that (0 :A ZJ”) = 
(0 :a Js+ ‘). An element x of R is said to be integrally dependent on Z relative 
to A if there exists n E k! such that 
( 
o:, f Xn-izi G (0 :A x”). 
i=l > 
In fact, this is the case if and only if Z is a reduction of Z+ Rx relative to 
A [ 13, Lemma (2.2)]; moreover, 
Z* := {y E R : y is integrally dependent on Z relative to A ] 
is an ideal of R, called the integral closure of Z relative to A, and is the 
largest ideal of R which has Z as a reduction relative to A. 
This paper grew out of attempts to answer the questions raised in 
[13, (6.6)]: is it the case that 
Att(0 :a (Ii)*) G Att(0 :A (Zi+ ‘)*) for all i E N, 
and is the sequence of sets (Att(0 :a (Z”)*)),,N ultimately constant? Here, 
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Att B, for an Artinian R-module B, denotes the set of attached prime ideals 
of B for secondary representation: accounts of the relevant theory of 
secondary representation and attached prime ideals are available in 
[3, 2, 71 and we shall use the terminology of [3, 133 for these topics. 
The motivation for the above questions comes from L. J. RatlilT’s result 
[9, (2.4) and (2.7)] concerning the asymptotic behaviour of ordinary 
integral closures of powers of a fixed ideal a of a commutative Noetherian 
ring S, which shows that the sequence of sets (ass(#) ),, wI is increasing 
(in the sense that ass(a’)- cass(a i+ ‘)- for all in IV) and ultimately 
constant, that is ass(a”)- is, for all sufficiently large n, independent of n. 
(For an idea1 c of S, we use t or c- to denote the classical integral closure 
of c in the sense of Northcott and Rees [S] (see also [lo, (l.l)]), and ass c 
or assSc to denote the set of associated prime ideals of c for primary 
decomposition. We interpret ass S as a.) It is also relevant to point out 
that the present first author proved in [ 11, (3.1)], again for an Artinian 
module A over the commutative ring R and an ideal Z of R, that the 
sequence of sets (Att(0 :a I”)), E N is ultimately constant: this is an Artinian 
analogue of Brodmann’s result [l] that if N is a Noetherian R-module, 
then the sequence of sets (Ass,(N/Z”N)),, N is ultimately constant. The 
questions in [13, (6.6)] arise when one asks for a corresponding Artinian 
analogue of Ratliff’s result mentioned above. 
We have not so far been able to answer those questions, but our attempts 
have resulted in some positive results. First of all, even though we do not 
assume that R is Noetherian, the integral closure Z* of Z relative to the 
Artinian R-module A is always a decomposable ideal, that is, has a 
primary decomposition (provided we adopt the convention that R itself is 
decomposable). This is easy to see: if we denote, for an ideal .Z of R, the 
ideal (0 :R (0 :A J)) by Zoo, then J&Zoo, so that (0 :A Zoo) c (0 :a J), while it 
is immediate from the definitions that (0 :A Zoo) 2 (0 :a J); hence 
(0 :A Zoo) = (0 :a J), and it follows in particular that Z* is a reduction of 
(I*)“” relative to A (see [13, (l.l)]); hence, by [ 13, (2.4)], 
z* = (z*p; 
but (I*)@’ is the annihilator of the Artinian R-module (0 :A I*), and so it 
automatically has a primary decomposition, by [3, (2.3)]. 
We use ass .Z or ass, J to denote the set of associated prime ideals of a 
decomposable ideal J of R for primary decomposition, again with the 
convention that ass R = 0. The main result of this paper is that there exists 
a finite set S of prime ideals of R such that 
ass(Z”)* E B for all n E N. 
Of course, we would like to prove that the corresponding sequence of sets 
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(ass(~)*),,, is increasing and ultimately constant, but, at the time of 
writing, we have not been able to do this in general. However, we have 
proved this in the special case in which the underlying ring R is a complete 
semi-local Noetherian ring: our method of proof of our main result 
involves reduction to this special case by use of the ideas of [ 121. 
2. NOTATION AND PRELIMINARY RESULTS 
2.1. Notation. Throughout the paper, R will denote a commutative ring 
(with identity); we shall not assume that R is Noetherian unless this is 
explicitly stated. Also, A will denote an Artinian R-module; we shall denote 
the integral closure of an ideal J of R relative to A by .Z*; and Z will always 
denote an ideal of R. 
We shall use V(R) to denote the category of all R-modules and all 
R-homomorphisms between them. 
2.2. The Method of [ 121. We are going to use the ideas of [ 12, Sects. 1 
and 31 to study A (in the case when it is non-zero), and a brief review of 
the method is appropriate. 
There are only finitely many maximal ideals M of R for which f M(A) := 
UnEWI (0 :a M”) #O (see [12, (1.4)]). Let the distinct such maximal ideals 
be M,, . . . . M,. Then [12, (1.4)] 
A=f,,(A)O ... OrM,(A). 
Moreover, for each i= 1, . . . . t, the module Z,,(A) has a natural structure 
as a module over R,,, and even over G, the completion of the quasi- 
local ring R,, with respect o its maximal ideal topolo ; in fact, a subset 
of Z,,(A) is an R-submodule if and only if it is an # ,,,,-submodule. See 
[12, (1.7), (l.ll), and (1.12)]. 
One of the main results of [ 121 is Corollary (3.7), which shows that, for 
each i= 1, . . . . t, the ring 
is a complete Noetherian local ring. It thus follows that 
is a complete semi-local Noetherian ring. (When we describe a semi-local 
Noetherian ring as “complete”, we shall always mean complete with respect 
to the topology defined by its Jacobson radical.) Note also that A has a 
natural structure as a module over S in such a way that a subset of A is 
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an R-submodule if and only if it is an S-submodule and, when the 
S-module A is regarded as an R-module by means of the natural ring 
homomorphism 4: R + S, the original R-module structure on A is 
recovered. 
Our strategy is to relate Z* to (I’)*, the integral closure of the extension 
I’ of Z to S relative to A, and use this as a means of finding information 
about I*. This policy is fruitful, because, as we shall show below in 
Section 3, there is available a Maths’ duality over a complete semi-local 
Noetherian ring like S, and we can use this duality to translate questions 
about Artinian modules into ones about Noetherian modules. 
2.3. LEMMA. Let the situation and notation be as in 2.2 above. In 
addition, for an ideal Z of R, let I’ denote the extension of Z to S under 4, 
and for an ideal K of S, let Kc denote the contraction of K to R under $. 
Then Z* = ((Z’)*)‘. 
Proof: Let rE R, and recall from [13, (2.4)] that r EZ* if and only if 
there exists n E N such that 
( 0 :A i rn - ‘Z’ E (0 5( r”). i=l > 
But, for n E N, we have 
( 0 :A i FiZi > ( = 0 :A i d(r)“-’ (Z’)i > , i=l i= 1 
and (0 :A r”) = (0 :a d(r)“). The result follows. 
Note that Lemma 2.3 gives another proof of the fact mentioned in the 
Introduction that Z* is a decomposable ideal of R: since S is Noetherian, 
(Ze)* is a decomposable ideal of S, and it is elementary that the contraction 
of a decomposable ideal under a homomorphism of commutative rings is 
again decomposable. 
3. MATLIS' DUALITY FOR A COMPLETE SEMI-LOCAL NOETHERIAN RING 
In this section, we show briefly that there is a version of Matlis’ duality 
which applies to a complete semi-local Noetherian ring S. The classical 
duality of Matlis was originally developed for a complete local Noetherian 
ring: see [4, Sect. 4) or [ 15, Chap. 51. While one could approach the 
development of Matlis’ duality for a complete semi-local Noetherian ring 
by use of the fact that such a ring is isomorphic to a direct product of 
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finitely many complete Noetherian local rings and appeal to the standard 
version of Matlis’ duality, it is possible to develop the theory in a fairly 
direct and simple way, as we show below. 
3.1. Notation and Remarks. Suppose that R is semi-local and 
Noetherian and let its distinct maximal ideals be M,, . . . . M,. Set 
T := 0 I=, R/Mi and E := E(T), the injective envelope of T. We shall use 
D to denote the additive, exact, R-linear [6, p. 351 functor Hom,( , E) 
from W(R) to itself. 
For each R-module G, let 
pG: G + DD(G) = Hom,(Hom,(G, E), E) 
be the natural R-homomorphism for which &(x))(fl=f(x) for all XEG 
and f~ Hom,( G, E). 
Note that, as G varies through g(R), the pLc constitute a natural 
transformation p from the identity functor to the functor DD. 
3.2. Remarks. Let the situation be as in 3.1, and suppose in addition 
that R is Artinian. 
(i) Recall that an R-module G is Artinian if and only if it is 
Noetherian, and that this is the case if and only if G is finitely generated. 
(ii) Observe that T is semi-simple: we shall make considerable tacit 
use of standard properties of semi-simple modules, such as those developed 
in [15, pp. 58-611. Note in particular that, for i,i~ N with 1 < i,j<n, the 
homomorphism 
HomJR/M,, T) + Hom.(R/M,, E) 
induced by the inclusion map is an isomorphism, and that, if i #J then 
Hom,( RIMi, R/M,) = 0. 
(iii) It follows easily from (ii), by induction on length, that, for every 
finitely generated R-module G, its “dual” D(G) is also finitely generated 
and I(G) = /(D(G)) (we use “I” to denote lengths of modules). In particular, 
E z D(R) is finitely generated. 
3.3. LEMMA. Assume that R is Artinian and use the notation of 3.1. Then 
pc is an isomorphism WThenever G is finitely generated. 
ProoJ To prove this one only has to observe that E is an injective 
cogenerator [Is, p. 461 for R, so that po is injective for each R-module G, 
and then note that, when G is finitely generated, it is a consequence of 
3.2(iii) that G and DD(G) have the same finite length. 
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3.4. COROLLARY. Assume that R is Artinian and use the notation of 3.1. 
Then, for each f E Hom,(E, E), there is a unique r+ R such that f(x) = r/-y 
for all x E E. 
Proof By 3.3, the map p,: R --* Hom,(Hom,(R, E), E) is an isomor- 
phism. The claim therefore follows from the fact that the composition 
8: R -% Hom,(Hom,(R, E), E) -% Hom.(E, E), 
in which the second isomorphism is the obvious natural one, is such that 
e(r), for r E R, is the endomorphism of E given by multiplication by r. 
We are now in a position to establish a Maltis’ duality for a complete 
semi-local Noetherian ring. 
3.5 THEOREM. Use the notation of 3.1, but assume that the semi-local 
Noetherian ring R is complete. (We do not assume here that R is Artinian.) 
(i) For each f E Hom,(E, E), there is a unique r-fe R such that f(x) = 
rfx for all x E E. 
(ii) Whenever G is a finitely generated R-module, pa: G + DD(G) is 
an isomorphism and D(G) is Artinian. 
(iii) Whenever G is an Artinian R-module, uo: G + DD(G) is an 
isomorphism and D(G) is Noetherian. 
Proof (i) Let f E Hom,(E, E). Let J denote the Jacobson radical of R. 
For each n E N, set E, := (0 :E J”). Now, by [4, Remark (1), p. 5201, there 
is an isomorphism of R/J”-modules 
E, z ERIJ” & (WJ”)I(MiIJ”) * 
i= I 
It therefore follows from 3.4 that there exists r,, E R such that f(e) = r,e for 
all eEE,, and, moreover, if rk is any other element of R such that 
f(e) = r;e for all eE E,,, then rn - r; E J”. Hence (rn)nEIPI is a Cauchy 
sequence in R, and the claim follows from this and Krull’s Intersection 
Theorem because, by [ 15,2.23] and [4,3.4], E = IJ n E N E,. 
(ii) By part (i), pR is an isomorphism. Let G be an arbitrary finitely 
generated R-module. Then G can be included in an exact sequence 
in which F, and F, are finitely generated free R-modules. Since the functor 
DD is additive and exact, and p is a natural transformation of functors, it 
follows that pLG is an isomorphism. Also, D(G) is isomorphic to a 
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submodule of D(F,), and so the final claim follows from the fact 
[S, Proposition 31 that E is Artinian. 
(iii) It is easy to deduce from part (i) that pE is an isomorphism. 
However, an Artinian R-module G is an essential extension of its socle (by 
[ 15, 1.201, for example). Since the socle of G can be embedded in a direct 
sum of finitely many copies of T, it follows from [ 15, 2.181 that G can be 
embedded in a direct sum of finitely many copies of E. Hence, since E is 
Artinian, there is an exact sequence 
O-+G+E’-+E” 
in which E’ and E” are direct sums of finitely many copies of E. The claim 
that pG is an isomorphism therefore follows from the facts that the functor 
DD is additive and exact and ,D is a natural transformation of functors. 
Also, D(G) is a homomorphic image of D(E’), which is a finitely generated 
free R-module since D(E) z R, by (i). 
4. THE RESULTS 
4.1 THEOREM. Let A be an Artinian module over the complete semi-local 
Noetherian ring R, and let I be an ideal of R. Then the sequence of sets 
(ass(Z”)*L,, is increasing and ultimately constant. 
Prooj We shall use the concepts of reduction and integral closure of 
the ideal Z relative to a Noetherian R-module N which were introduced in 
[14, Sect. 11; we shall denote the integral closure of Z relative to N by 
I-““’ Note that this integral closure is related to the classical integral 
closure of Northcott and Rees: by [ 14, 1.61, ZCN’? (0 : N) and 
Z-‘N’/(O : N) = ((I+ (0 : N))/(O : N))-. 
From this observation, [ 14, 2.11, and Theorem 3.5 above, it follows that, 
with the notation of 3.1, for all n E k!, we have (I”)* 2 (0 : D(A)) and 
(I”)*/(0 : D(A)) = (((I+ (0 : D(A)))/(O : D(A)))“)). 
By the result of Ratliff quoted in the Introduction (see [9, (2.4) and 
(2.7)]), the sequence of sets 
W4W+ (0 : WWI(O : WW-),.. 
is increasing and ultimately constant. The result follows. 
4.2 THEOREM. Let A be a non-zero Artinian module over the com- 
mutative ring R, and let Z be an ideal of R. (We do not assume that R is 
Noetherian here. However, as was remarked in the Introduction, J* is a 
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decomposable ideal of R f or every ideal J of R.) Then there exists a finite set 
9 of prime ideals of R such that ass(P)* G 9 for all n E N. 
Proof: We use the notation of 2.2. In addition, for an ideal J of R, let J’ 
denote the extension of J to S under 4, and for an ideal K of S, let Kc 
denote the contraction of K to R under 4. 
By 4.1, the sequence of sets (ass((Z’)n)*),E N is increasing and ultimately 
constant. Let its ultimate constant value be 9. Set 
Then it follows from 2.3 that ass(P)* E 9 for all n E N. 
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